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ON THE QUANTUM GROUPS AND SEMIGROUPS OF MAPS 
BETWEEN NONCOMMUTATIVE SPACES 

MAYSAM MAYSAMI SADR 


Abstract. We define algebraic families of (all) morphisms which are purely algebraic 
analogs of quantum families of (all) maps introduced by P.M. Soltan. Also, algebraic fam¬ 
ilies of (all) isomorphisms are introduced. By using these notions we construct two classes 
of Hopf-algebras which may be interpreted as the quantum group of all maps from a fi¬ 
nite space to a quantum group, and the quantum group of all automorphisms of a finite 
NC space. As special cases three classes of NC objects are introduced: quantum group of 
gauge transformations, Pontryagin dual of a quantum group, and Galois-Hopf-algebra of an 
algebra extension. 


1. Introduction 

Our work is based on the extension to the noncommutative setting of the following picture. 
Let X and Y be compact Hausdorff spaces. If S' is a Hausdorff space then there is a canonical 
one-to-one correspondence between continuous maps f : S x X ^ Y and continuous families 
/ = {/(s, ?)}sg 5 of continuous maps from X to U with parameter space S. Moreover, 
by Exponential Law of Topology, there is a canonical homeomorphism ~ (U^)'^ 

where the mapping spaces are endowed with compact-open topology. Indeed, the family 
of all continuous maps from X to Y, that is the family e induced by the evaluation map 
e : Y^ X X ^Y dehned by e{a,x) = a(x), and the space Y^ are completely characterized 
by the following universal property. 

For every Hausdorff space S and any continuous map f : S x X ^ Y there is 
a unique continuous map / that makes the following diagram commutative. 

X X Y 

/xidjf 

^ X X 

In the context of NC Geometry and Operator Algebra P.M. Soltan na and S.L. Woronowicz 
[2T] have introduced the notion of quantum space of all maps between two C*-algebraic NC 
spaces. To dehne this notion they used the C*-dual of the above universal property: For 
two quantum spaces DA and O.B, a quantum space O.C together with a *-homomorphism 
0 : R —)■ A $$ G is called the quantum family of all maps from DA to DR if for every 
*-homomorphism -0 : R —)■ A ® R, between C*-algebras, there is a unique *-homomorphism 
-0 : G —)■ R satisfying (id^ (8 0)0 = 0. Soltan |T5] has showed that such universal C*- 
algebra G and *-homomorphism 0 exist when DA is a hnite quantum space i.e. A is a hnite 
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dimensional C*-algebra. He also showed ([I5], [T7]) that ii B = A then C has a canonical 
C*-bialgebra structure (as in the classical case the space is a topological semigroup) 
and the bialgebra structure of some classes of quantum groups, e.g. quantum permutation 
groups (1201. Bl) and quantum isometry groups m), are the same as of C. 

The aim of this paper is to study the purely algebraic version of the quantum space of all 
maps and its bialgebra structures. It seems that our algebraic formalism is more interesting 
and useful than C*-formahsm because the class of hnite dimensional C*-algebras restricts 
only to hnite direct sums of full matrix algebras over the complex held. 

In Section 2 we dehne algebraic family of all morphisms from an algebra B to another 
algebra A over a commutative ring K. This will be a morphism xn{B, A) \ B ^ A ® 
dyt{B, A) between algebras which satishes a universal property analogous to the above. As 
we mentioned above, this is a purely algebraic reformulation of the notion of quantum family 
of all maps [U]. Analogue of Theorem 3.3 of [TJ], we show that va{B, A) exists if A is a free 
hnite rank K-module. Also we consider some elementary properties of 97t(?, A) as a functor 
on the category of algebras. 

In Section 3 we dehne algebraic families of all isomorphisms. The idea of the dehnition 
follows from the following trivial fact: A family / associated to the continuous map / : 
S' X X —)■ y is a family of homeomorphisms from X onto Y if and only if there is another 
family g associated to a continuous map g : S xY —)■ X such that g{s, f{s,x)) = x and 
f{s,g{s,y)) = y for every x E X, y E Y and s E S. It follows that the family of all 
homeomorphisms must be universal with respect to this property. Then by dualizing this 
universal property we hnd the desired notion of the algebraic family of all isomorphisms 
i{B, A) ■. B ^ A® A) from B onto A. We will show that 1(5, A) exists if both A and 
B are free hnite rank K-modules. 

In Section 4 we consider existence of dual of the following classical objects: 

(1) The space of all bundle morphisms between two hbre bundles over a classical space. 

(2) The space of all continuous maps between two classical spaces which are identity over 
a common subspace. 

(3) The space of all continuous group homomorphisms between two topological groups. 

(4) The space of all G-maps between two G-spaces for a topological group G. 

If G is a compact group then is a topological group for every compact space X. Section 
5 is devoted to the noncommutative analog of this fact. More precisely, we will show that 
if i? is a Hopf-algebra and A is commutative and hnite-rank then A) has a canonical 

Hopf-algebra structure. In the C*-case this construction has been considered in [16] and 

na. 

In Sections 6 and 7, by using the results of the preceding sections, we construct two classes 
of Hopf-algebras which may be interpreted as the quantum group of gauge transformations 
over trivial quantum vector bundles in the sense of |1] and, as the Pontryagin dual of hnite- 
rank Hopf-algebras. 

If X is a compact Hausdorh space then the space of all homeomorphisms of X is a 
topological group. In Section 8 we show this is also the case in the dual context. Indeed, 
we will show that for any hnite-rank Hopf-algebra A the algebra J{A,A) has a canonical 
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Hopf-algebra structure. Finally, we consider a notion dual to the notion of Galois group of 
algebra extensions. 

We announce that there is a C*-algebraic concept of family of quantum invertible maps 
due to Podles [12] , [T3| which is different from our notion of algebraic family of isomorphisms 
and because of its topological nature it seems that its purely algebraic formulation is not 
interesting. Also, after preparation of this paper we received a recent paper [Tl| of Skalski 
and Soltan where they consider C*-algebraic quantum group structures on Podles’ families of 
quantum invertible maps. We delegate study of relations between the results of the present 
paper and those of [Hj to a future work. 

Notations &; Preliminaries. The identity map on a set X is denoted by ix- Throughout 
all rings have unit and ring homomorphisms preserve units. K denotes a hxed non-zero 
commutative ring. ® denotes tensor product over K. For any permutation a of {1, • • • ,n}, 
F„ denotes the flip homomorphism Xi 0 • • • 0 i—)■ Xo-(i) 0 • • • 0 Xa-(n) on a tensor product 
Ml 0 • • • 0M„ of K-modules; when there is no risk of confusion we will write F instead of F„. 
An algebra is a ring together with a structural ring homomorphism K —)• A. A morphism 
between algebras is a ring homomorphism which commutes with structural homomorphisms. 
]K[xi]je/ and denote, respectively, the polynomial algebra in non-commuting and 

commuting variables {xi}i^i. Let B be an algebra. If S' C 5 generates B as an algebra, we 
write Is for kernel of the canonical morphism ]K[xs]ses —)■ B dehned by Xg s. Alg denotes 
the category of algebras and Alg(i?, A) is the set of morphisms from B to A. The elements 
of Alg(i?, K) are called characters of B. The full subcategory of commutative algebras is 
denoted by Alg'”. The multiplication of A is denoted by : A 0 A —>■ A. Note that if 
A is commutative then piA is a morphism. By a hnite-rank algebra we mean an algebra 
which is a free K-module of hnite rank. Throughout finite-rank is abbreviated to FR. A 
comultiplication on an algebra 5 is a morphism X ■. B ^ B ® B which is coassociative: 
(A 0 iB)A = (ig 0 A)A. A is cocommutative if A = FA. A character e on i? is a counit 
if (is 0 e)A = (e 0 iB)A = i^. A morphism S : B ^ i?°P is an antipode if /rs(S 0 is)A = 
Rb{}b 0 S)A = el. Then (S, A,e) and {B,A,e,S) are called bialgebra and Hopf-algebra, 
respectively. By a (right) H-comodule we mean an algebra V together with a right coaction 
of B, i.e. a morphism p -.V ^ V ® B satisfying (p 0 is)p = (iy 0 A)p and (iy 0 e)p = iy. 

2. Algebraic family of all morphisms 

In this section we consider the notions of algebraic family of morphisms and algebraic 
family of all morphisms from an algebra B to another algebra A. We shall show that the 
latter exists when A is a FR algebra. Also we consider some functorial properties of these 
notions and some simple explicit examples and computations. 

Definition 2.1. Let A, B, B', C and C be algebras. 

(a) A morphism : B ^ A® C is called an algebraic family of morphisms from B to A 
with parameter-algebra C. When there are no ambiguity about A, B and C, we call 
fj just ’family’. 

(b) A family with parameter-algebra 0 is called empty family of morphisms. If fi, - ■ ■ , /„ 
is a finite collection of morphisms from B to A then fi ■. B ^ A® K"", defined by 

fi{^) ® G where Ci, • • • , e„ denote standard basis, is called trivial family. 
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(c) Ai{B,A) denotes the class of all families of morphisms from B to A. Ai{B,A) 
can be considered as a category such that objects are families and morphisms from 
fj ■. B ^ A® C to fj' ■. B ^ A ® C are algebra morphisms ip : C ^ C satisfying 
if' = (U ® p)ip. 

(d) Let fj ■. B ^ A® C and -if' : B' ^ B ® C be families of morphisms from B to A 
and from B' to B, respectively. Then the family {gp ® ic')ip' of morphisms from B' 
to A (with parameter algebra C ® C) is denoted by if o if' and called composition 
of tjj and ip’. (Note that composition of families can be considered as a functor from 
M{B,A) X M{B\B) to M{B',A).) 

(e) LetC be a subclass of PA{B, A), pj ^ C is called a C-universal family if it is an initial 
object of C when C is considered as a full subcategory of Ai{B, A). (Note that if a 
C-universal family exists then it is unigue up to isomorphism.) 

(f) LetC be a subclass of Ai{B, A). ThenC^ denotes the subclass ofC containing families 
with commutative parameter-algebras. 

Lemma 2.2. Let C C Ai(B,A). Suppose that p : B ^ A ® C is a C-universal family. 
Consider the morphism p = {jA®p)p '■ B —)■ A®C/[C,C], where [C, C] denotes commutator 
ideal of C and p : C ^ C/[C, C] is the canonical projection. Then tp is C^-universal if it 
belongs to C. 

Proof. Straightforward. □ 

Proposition 2.3. Let A and B be algebras such that A is FR. Then there exists a Ai(B, A)- 
universal family, say p : B ^ A® Z. This family has the following additional properties. 

(a) The set {(o; 0 iz)p{h)}, where b E B and a runs over all module homomorphisms 
from A to K, generates Z as an algebra. 

(b) If B is finitely generated (resp. presented) algebra then Z is finitely generated (resp. 
presented) algebra. 

(c) For any algebra C there is a canonical one-to-one correspondence between morphisms 
from B to A® C and morphisms from Z to C. In particular there is a one-to-one 
correspondence between morphisms from B to A and characters on Z. 

(d) Z represents the covariant functor Alg{B, A®I) from Alg to the category of sets. 

p is called algebraic family of all morphisms from B to A. We will also use the symbols 
nv{B, A) and ‘TR{B, A) for p and Z, respectively. 

Proof. Suppose that S ® B generates B as an algebra and {oj : i = 1, • • • , n} is a basis 
for A as free module. Let Z be the universal algebra generated by Zgi (s G S) such that 
for every polynomial p E Is the equation p{{PfiJi=i ® = 0 {m. A® Z) is satished. 

Then the assignment s i—)■ X]r=i ® dehnes a morphism p. Let p : B ^ A ® C he a. 
morphism and suppose that G C is such that p{s) = ® Thus the equation 

sijsGs) = 0 is satisfied for every p E Is- Then the universality of Z shows that 
the assignment Zgi eA Cgi defines a morphism p and this morphism is the only one whose 
satishes = (i^ 0 P)P- This shows that 0 is a universal family in Ai[B,A). (a) and (b) 
immediately follow from the construction of Z, and it is clear that the assignment p eE p 
dehnes the desired correspondence in (c). Also (d) trivially follows from (c). □ 
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Remark 2.4. Let A and B be algebras such that A is FR. R follows from Proposition 
\2.3\ and Lemma that there exists a family : B ^ A® A) which is M^{B, A)- 

universal. R also follows that TT^B, A) is canonically isomorphic to the quotient ofiM{B, A) 
by its commutator ideal, and analogs of conditions (a)-(d) of Proposition 1^731 are satisfied for 

m%B,A). 

The universality of families of all morphisms easily implies the following proposition. 

Proposition 2.5. Let A and B be algebras such that A is FR and commutative. Then 
‘iW'{B,A) and‘TSl'^{B/[B,B],A) are isomorphic. 

Proof. Straightforward. □ 

Remark 2.6. Let A and B be algebras such that A is FR. 

(a) R follows easily from the universal property that‘iM{B,K) = B, = B/[B,B], 

and im(K, A) = A) = K. 

(b) From the construction of universal parameter-algebra in the proof of Proposition 12. dl 

we see that K”) is the free product B*- ■ -^B ofn copies of B. (Here free product 
means coproduct in Alg.j Similarly, we have = ®2^iB/[B, B] by Remark 

R follows that fLR{K[x\,W^) = K[xi, • • • ,x„] and 971'^ (IK [x], K”) =]K'^[xi,--- ,x„]. 
Also i/K is an algebraically closed field and B is the algebra of polynomial functions 
on an affine variety V then K"") is the algebra of polynomial functions on V^. 

(c) From Proposition 1^.31 (c) it follows that if there is a morphism from B to A then 
Z := Dyt{B,A) 7 ^ 0 and also := fXRL{B,A) ^ 0. Moreover, z/IK is afield, it follows 
from Dedekind’s lemma that dimx Z^ (and so dimK Z) is not less than the cardinality 
of the set of algebra morphisms from B to A. 

(d) Conversely, suppose that Z^ 0. So Z'’ has a maximal ideal. If K is an alge¬ 
braically closed field and B is finitely generated then Proposition \2 .51 (b) implies that 
Z'^ is finitely generated and therefore, it follows from Zariski’s lemma that Z^ has a 
character and so there exits an algebra morphism from B to A. 

(e) Suppose that IK is an algebraically closed field and B is finitely generated. Moreover, 
suppose that there are only finitely many morphisms from B to A. Then Z^/J is 
isomorphic to the algebra IK” where J denotes the Jacobson radical and n is the 
number of distinct morphisms from B to A. To see this fact, let fi, ■■■, fn be the 
collection of all morphisms from B to A and let : B ^ A (8) IK” be its trivial family. 
Let : Z^ ^ K” be the unique morphism which satisfies = (i^ <8 'i()xxf. From 
Proposition \2.3{ (c) it follows that Z^ has exactly n distinct characters and these are 
of the form pif) (i = 1, ■ ■ ■ ,n) where pi : K” —)• IK denotes the canonical projection on 
thei’th component. It follows that any maximal ideal of Z^ is in the form ofkeY{pi'i(j) 
and so if induces an injective morphism from Z^/ J to IK”. From Dedekind’s Lemma 
it follows that dimK 2''^/J > n. So Z'^ j J and IK” are isomorphic. 

Let A be a FR algebra. Let Bi and B 2 be two algebras and / : Ri —)■ i ?2 be a morphism. 
Then the universality of 97l(i?i, A) shows that there is a unique morphism 97l(/, A) = iM{f) 


2.4 
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such that makes the following diagram commutative. 

m(Si,A) ^ . . 

51 
f 

5 2 —'a O TI{B2, A) 


Analogously, if : S 2 —?• S 3 is another morphism we hud morphisms ^{g) '■ VJt{B 2 ,A) —)■ 
97 t(S 3 , A) and Tl{gf) : Tl{Bi, A) —)■ Tl^B^, A). Then again universality of VJl{Bi, A) implies 
^(gf) = 37t(5')97t(/). Similarly, we have 971(1^) = for any algebra S. Analogous 

statements are also satished for So we have proved the theorem below. 

Theorem 2.7. Let A be a FR algebra. Then 971(7, A) : Alg —)■ Alg (resp. 971'^(?,A) : 
Alg Aig'^; is a covariant functor. 

Note that for a hxed algebra S, Tl{B, ?) and ?) can be considered as contravariant 

functors from category of FR algebras to Alg and Alg*^, respectively. 


Theorem 2.8. Let A be a FR commutative algebra. Then 971^(7, A) preserves tensor product. 

Proof. Suppose that Si and S2 are two algebras. Let Ci = Vyt‘^{Bi,A) and (fi = m^(Si,A) 
{i = 1,2) and also let D = 971 ‘^(Si ® S2,A) and fj = m^(Si ® S2,A). We must show 
that Cl 0 C2 and D are isomorphic. Let ai : Bi ^ Bi 0 S2 be the structural morphisms, 
i.e. ai{bi) = bi 0 1 and a 2 (fo) = 1 < 8 ) fo (&i G Si, 62 G S 2 ). Then we hnd morphisms 
971(0;*) : Ci ^ D. The coproduct structure of Ci 0 C2 (in Alg^) induces a morphism 
f : Cl 0 C2 ^ D such that f'ji = 971(0*) where 7* : C* —)■ Ci (8 C2 are structural morphisms. 
Let g : D ^ C10C2 be the unique morphism that makes the following diagram commutative. 

Si (g) S2-^ A 0 D 

h 

iA®S 

A (g) (Cl (g) C2) 

MA®iCi®C2 

A0C10A0C2 -^ (A (g) A) (g) (Cl (g) C2) 

Then it is easily checked that gf'jt = 7 *. This fact together with the coproduct universal 
property of Ci 0 C 2 implies gf = i(Ci®C 2 )- Also it is easily checked that (i^ 0 fg)'f’ = ‘f’- So 
by the universal property of D we have fg = i£,. This completes the proof. □ 


Remark 2.9. Let Si, S 2 and A be algebras such that A is commutative and FR. Then, 
there is a canonical morphism from 971(Si 0 S 2 , A) to 971(Si, A) 0 971(S2, A), analogous to 
g in the proof of Theorem \2.8\. 


The following theorem states an exponential law in our dual formalism. 

Theorem 2.10. Let Ai, A 2 and B be algebras such that Ai and A 2 are FR. Then the 
algebras 971(S, Ai 0 A 2 ) and 971(971(S, Ai), A 2 ) are isomorphic. 
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Proof. Let 0 i 2 = 0 A 2 ) and 0 = m{n{B, Ai), A 2 ). Let 0 be the 

unique morphism such that the diagram 


( 2 . 1 ) 


B 


4>12 


A 


Ai<^m{B,Ai 


1A1 


^ {Ai 0 A 2 ) 0 m{B, Ai 0 A 2 ) 

i(Ai®A 2 )®h 

{Ai 0 A2) 0 m{m{B, Ai), Ala) 


is commutative. Let (p and fj' be morphisms that make the following diagrams commutative. 


( 2 . 2 ) 





lAi 


All 0 (AI 2 0 ajt(5, All 0 AI 2 )) 


(2.3) 971(5, All)—Al 2 0im(im(S, All), AI 2 ) 

iA2®h' 

AI 2 0 97t(5, All 0 AI 2 ) 

by (12.3p . we have i^i 0 v? = (hAngiAz) ® '0O(iAi ® 4>) and so by (12.11) and (12.21) we have, 

(i(Ai®A2) ® (0''0))012 = (i(Ai®A2) ® ^')(i(Ai®A2) ® ^)012 

= (i(Ai 8 )A 2 ) ® V’')(iAi O 0)01 
= (Ui ® A ^)01 
= 012 - 

This equality together with universality of 971(5, y4i 0 A 2 ) imply that 0'0 is the identity 
morphism. Let b ^ B and / : ^di —)• K be a module homomorphism and let c = (/ 0 
im{B,Ai))(f>i{b) (note that by Proposition I2.3l ai such elements generates 971(5, Ai)). By fl2.2p 
and fl2.ip we have, 

(U 2 ® 0)(^(c) = (iA 2 ® ® im{B,Ai))Mb) 

= (U 2 ® 0 )(/ ® i(T2®91t(B,Ai®A2)))012(&) 

= if ® i(A2®5K(91t(B,Ai),A2)))(iAi <8)0)0l(&) 

= (l)if ® im{B,Ai))Mb) 

= 0 (c). 

Thus (iyi 2 0 0)(p = 0. This equality together with fl2.3p imply, 

(U 2 ® (00'))0 = (^2 ® 0)(U2 ® 0')0 

= (U 2 «) 

= 0 



Then the above equality together with universality of 971(971(5, Ai), ^ 2 ) show that 00' is 
the identity morphism. This completes the proof. □ 
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Analogue of Theorem 12.101 is also satisfied for the functor 971'^. The following lemma states 
a fact that will be used in Section 5. 

Lemma 2.11. Let A and B he algebras such that A is commutative and FR. Then there is 
a canonical isomorphism 971(5°^, A) = 97l(i7, A)°p. 

Proof. Straightforward. □ 


3. Algebraic families of isomorphisms 

In this section we dehne algebraic families of isomorphisms and algebraic families of all 
isomorphisms. 

Definition 3.1. Let A and B he algebras and let ■. B ^ A® C he a family of morphisms 
from B to A. Suppose that there exists a family cf): A ^ B ®C such that (i^ ® Rc){4> o V’) = 
is (g) 1 and (U ® Rc){'4’ o 0 ) = i^ g) 1 . Then is called a family of isomorphisms from B 
onto A or, an invertible family of morphisms from B to A. Also, 0 is called an inverse for 
if. The class of all invertible families of morphisms from B to A is denoted by T{B, A). 

Suppose that if : B ^ A ® C is an invertible family and let (fi, (f 2 '■ A ^ B ® C he two 
inverses for if. Then from the identity (iyi 0 Rc){'4’ ® ic)02(a) = a 0 1 (a G A) it is easily 
seen that 0i = (is 0 pic){4>i ® ic')(iA 0 Tc){'f’ ® ic')02- Also it follows from associativity of 
Pc (i.e. pc(ic <8 Pc) = TciPc ® ic)) and identity (is 0 Pc)(0i ® ic)'if{b) = b ® 1 {b e B) 
that is®c = (,1b 0 Pc)(0i ® ic)(iA 0 Rc)(,'f’ ® ic)- Thus we conclude 0i = 02- So we denote 
the inverse of an invertible family if by if~^. It is also easily checked that the composition 
of if with another invertible family if' : B' ^ B ® C is an invertible family, too. Indeed, 
{if o if')~^ = (is' 0 F){if'~^ o 0“^). 

Example 3.2. (a) Suppose that /i, • • • , fn is a finite collection of isomorphisms from B 

onto A. Then the trivial family if : B ^ A ® defined by if{h) = X)r=i fi(P) ® 

(b E B), is an invertible family. Indeed, if~^{a) = X)r=i/r^(®) ® (® ^ ^)- Also, 

note that the empty family of morphisms is an invertible family. 

(b) Let {B, A, e, S) be a commutative Hopf-algebra and V be a B-comodule with the coac¬ 
tion p : V ^ V ® B. Let p' = (iy 0 S)p. We have 

(iv 0 Tb){p' o p) = (ip O Pi?)([(ip 0 S')p] 0 is)p 

= (ip 0 PB)(ip 0 S' 0 is)(p 0 iB)p 
= (ip 0 p_B)(ip 0 S' 0 is)(ip 0 A)p 
= (ip <8 [pb(S' 0 is)A])p 
= (iy 0 els)p 
= iy 0 Is- 

Analogously, we have (fv ® Tb){p° p') = ip0ls- Therefore, p is an invertible family 
with inverse p'. 

Proposition 3.3. Let A and B be FR algebras. Then there exists an X{B, A)-universal 
family, say cf : B ^ A® Z. Moreover, this family has the following additional properties. 

(a) Z is a finitely generated algebra. 
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(b) There is a canonical one-to-one correspondence between isomorphisms from B onto 
A and characters of Z. 

Analogues of the above statements are also satisfied for the subclass X^{B,A). Indeed, the 
canonical morphism ■. B ^ A® Zl\Z, Z\, induced by (f), is an T^{B, A)-universal family. 

We call both of (j) and (j)^ algebraic family of all isomorphisms from B onto A, and some¬ 
times denote them by \.{B,A) and 'f{B,A), and their parameter-algebras by '3{B,A) and 
3^{B,A), respectively. 

Proof. Snppose that Aq = {oj : i = 1 , ■ ■ ■ , Om} (resp. Bq = {bj : j = 1 , ■ ■ ■ , 6 „}) is a basis 
for A (resp. B) as free-modnle. Let Z be the nniversal algebra generated by Zji and snch 
that the following four classes of equations are satished. 

(i) ® Ah • • ■ , Y.T=i ® Ai) = 0 for every q e Ibo- 

(ii) PiYl]=i bj ® z'lj, • • ■ , bj (g) z'mj) = 0 for every p e Iao- 

(iii) Zliii z'ikZji = 0 and z'ijZjt = 1 for 1 < j, fc < n with j ^ k. 

(iv) — 0 Si=i = 1 for 1 < / < m with i ^ 1. 

(i) shows that the assignment bj i—)■ A®Zji dehnes a morphism cf) : B ^ A0Z. Similarly, 

(ii) shows that the assignment a, hA bj ® z'ij dehnes a morphism (f)' ■. A ^ B Z. (iii) 

shows that {}b®Pz){, 4>'®iz)4>{bj) = hj®I. Similarly, (iv) shows that {}A®Pz){(l>®iz)f>'{,CLi) = 
Oj ® 1. So 0 is a family of isomorphisms from B onto A with inverse (j)'. Now suppose 
that f) : B ^ A ® C is Si family of isomorphisms and let Cji and c'ij in C be such that 
'^(bj) = ® Ai = YTj=ibj ® c'ij. Then, the analogs of the above four 

classes of equations are satished for Cji and c'ij. Thus, the universality of Z shows that 
the assignments Zji i—)■ Cji and z'ij ha c'ij dehne an algebra morphism ■. Z ^ C which 
satishes = {iA®'ip)4>. Uniqueness of also follows from universality of Z. Therefore 0 is a 
universal family of isomorphisms, (a) is trivial by the construction of Z. Let : B ^ Ahe 
an isomorphism. Then can be considered as a family of isomorphisms with the parameter- 
algebra IK, and so, "0 is a character on Z. This proves (b). The other statements follow from 
Lemma 12.21 □ 

Remark 3.4. Let A and B be FR algebras. 

(a) If follows from Proposition \3.3[ (b) that if there is an isomorphism from B onto A 
then J{B, A) 0 and also T(i?, A) ^ 0. 

(d) Conversely, i/IK is an algebraically closed field, then from '3^{B,A) 0 it follows 

that B and A are isomorphic (see Remark \ZR (d)). 

Let us call two algebras A and B quasi-isomorphic if there is a nonempty algebraic family 
of isomorphisms from B onto A. (Note that this notion is very far from the notion of 
quasi-isomorphic chain complexes in homological algebra.) Then, quasi-isomorphism is an 
equivalence relation on the class of algebras. It is clear that isomorphism (of algebras) implies 
quasi-isomorphism. But there are non-isomorphic algebras which are quasi-isomorphic: Let 
C be an algebra which has not IBN [ 8 ], that is there are natural numbers n and m with n ^ m 
such that and are isomorphic left free U-modules. Equivalently, there are elements Sji 
and tij in C, for 1 < i < m and 1 < j < n, such that YllLi ^jfiij' = bjj> and J2j=i bijSjr = da/. 
Let A = K[a:i, • • • ,Xm\ and B = ]K[|/i, • • • ,yfi\ and let the families : A ^ B ® C and 
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(p B ^ A ® C he defined by ipixi) = YTj=iyj ® ‘PiVi) = YlT=i^i ® Then 

it is easily checked that ip = So, A and B are quasi-isomorphic. Indeed, this is the 

case for every n and m; this follows from the fact that if C is the algebra of all module 
endomorphisms on the inhnite direct sum then C” and C'™' are isomorphic for every 

n and m as left C-modules (see [S], Example 1.4]). 

We end this section with a list of interesting questions. Is there any relation between 
quasi-isomorphism and Morita equivalence, or algebraic homotopy equivalence (i. 0 )? 
Morita equivalent algebras are characterized by existence of some specihc bimodules, see 
[H Section 18C]. Is it possible to characterize quasi-isomorphic algebras in this manner? 
For any hxed algebra (7, let Alg* be a category whose objects are algebras and a typical 
morphism from i? to A is a family p : B ^ A ® C®"', for some n > 0, together with 
the composition of families as composition law of the category. (Note that if C = K then 
Alg* = Alg.) Is there a Quillen’s model category structure ([3]) on Alg* such that algebraic 
families of isomorphisms play the role of quasi-equivalences of the model? Indeed the term 
quasi-isomorphism introduced above refers to this (conjectured) property. 

4. Some other universal families of morphisms 

Let A and B be hxed algebras. Consider the following four types of algebraic families. 

(1) Let M be a K-module and, 13 : M ^ B and a : M —)■ A be module homomorphisms. 
A4 1 denotes the class of all families p ■. B ^ A® C satisfying 

a{m) © 1 = 'p(3{m) {m G M). 

(2) Let M' be a K-module and, [3' \ B ^ M and a' : A —)• M be module homomorphisms. 
Ad 2 denotes the class of all families p : B ^ A® C satisfying 

P'ih) ®1 = {a'®ic)'p{h) (heB). 

(3) Let A : B ^ B ® B and L : A —)■ A © A be module homomorphisms. Ada denotes 
the class of all families p : B ^ A® C satisfying 

(L © ic)ip = (U®A ® /Uc)(U ® F ®ic){p ® p)A. 

(4) Let A be a K-module and, A : B ^ B ® N and 0 : A ^ A © A be module 
homomorphisms. Ad 4 denotes the class of all families p : B ^ A® C satisfying 

(u © F)(0 © ic)'ip = {ip ® iAr)A. 

The algebraic families introduced in (l)-(4) are respectively analogues of the following four 
classes of classical families of maps. 

(!’) Families of bundle morphisms between two hbre bundles over a classical space. 

(2’) Families of continuous maps between two classical spaces which are identity over a 
common subspace. 

(3’) Families of continuous group homomorphisms between two topological groups. 

(4’) Families of G-maps between two G-spaces for a topological group G. 

All proofs of theorems below are analogous to the proofs of Propositions 12.31 and 13.31 and 
are omitted for brevity. 
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Theorem 4.1. Together with the assumptions of (1) suppose that A is FR. Then there 
exists an A4i-universal family, denoted by <pi : B ^ A ® Zi. Moreover, there is a canonical 
one-to-one correspondence between characters of Z\ and morphisms f : B ^ A satisfying 
fid = a. 

Theorem 4.2. Together with the assumptions of (2) suppose that A is FR and M' is free as 
module. Then there is an M. 2 -universal family, denoted by (j )2 '■ B ^ A®Z 2 . Moreover, there 
is a canonical one-to-one correspondence between characters of Z 2 and morphisms f : B ^ A 
satisfying fT = a'f. 

Theorem 4.3. Together with the assumptions of (3) suppose that B is free as module and A 
is FR. Then there is an Ms-universal family, denoted by (fs : B ^ A 1 Z 1 Z 3 . Moreover, there is 
a canonical one-to-one correspondence between characters of Z^ and morphisms f : B A 
satisfying (/®/)A = T/. 

Theorem 4.4. Together with the assumptions of (4) suppose that B and N are free as module 
and A is FR. Then there is an M.A-universal family, denoted by (j )4 : B ^ AZ)Z 4 . Moreover, 
there is a canonical one-to-one correspondence between characters of Z 4 and morphisms 
f -. B ^ A satisfying (/ 0 i7v)A = 0 /. 

Remark 4.5. Under the assumptions of Theorem f-i (i = 1, ■■■ ,4:), it follows from Lemma 
12.21 that there exists an Ail-universal family. Moreover, the parameter-algebra Zf of that 
family is canonically isomorphic to Also, if there is a morphism f : B ^ A 

which satisfies the condition of Theorem f-i, then 7^ 0. 

Let Xj (z = 1, • • • ,4) denote the subclass of Aii containing invertible families. 

Theorem 4.6. Suppose that A and B are FR and the assumptions of Theorem f-i (i = 
1, • • • ,4) are satisfied. Then Xj and Xf have universal families. 

In the next sections, we show that the constructions achieved in this section may be 
endowed with Hopf-algebra structures in somewhat natural manners. 


5. The action of Tl( 7 , A) on Hopf-algebras 

This section is devoted to construction of a Hopf-algebra structure on parameter-algebras 
of families of morphisms from FR commutative algebras to Hopf-algebras. Most of the 
results in this section are purely algebraic analogs of the results of ra and By using 
the fact that any commutative finite dimensional C*-algebra is isomorphic to a finite product 
C © • • • © C, Soltan in [16] has showed that this construction in the C*-case is a special case 
of the Wang free product of compact quantum groups [19] , see also Remark 15.71 below. 

Let H be a FR commutative algebra and B be an arbitrary algebra. Let 0 = xn{B, A) 
and C = Tl{B, A). Suppose that A is a comultiplication on B and let A : (F —)■ C © C be 
the composition of 91t(A) with the canonical morphism from ® B,A) io C ® C (see 
Remark I2.9|l . More explicitly, A is the unique morphism that makes the following diagram 
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commutative. 


B - ^A®C 

4> 

A iyi<SiA 

B®B A®{C®C) 

^J■A&C^C 

A®C®A®C > {A®A)®{C® C) 


Lemma 5.1. A is a comultiplication on C. 

Proof. By the universality of C, it is enough to show that equality (i^®ic®A)(iA®A )0 = 
(U® A®ic)(U®A )0 is satished. We have, 

(U®ic®A)(U®A)0 =(U®ic®A)(/iA®ic®c)-^(</>®0)A 
=(/iA<8ic®A)F(0®0)A 
=(/iA®ic0C0c)-^(iA(g)C0A®A)((/)®0)A 

=(/iA<8ic0C0c)-F'(iA0C0A<8 A) ( 0 ®U 0 c) (iB® 0 ) A 
(5.1) =(/iA®ic0C0c)-^(0®iA0C0c)(iB®iA®A)(iB®0)A 

=(/iA<8ic0C0c)-F'(0<8u<8A)(iB®0)A 
=(/iA®ic0C0c)^(</>®[(U®A)0])A 
=(hA®ic0C0c)^(</>®[(/^A®ic0c)^(0<8)0)A])A 
=(/iA®ic0C0c)-^(iA0C®/^A®ic0c)-^((/>®</>®0)(is®A)A 
(iA®A®ic)(u<8A)0 =(u®A®ic)(/iA®ic0c)-F(0®0)A 
= (/x^®A®ic-)F(0®0)A 
=(/iA®ic0C0c)-F(u®A®u®ic)(0®0)A 
=(hA®ic0C0c)^([(UOA)0]®0)A 
=(/iA®ic0C0c)-F([(/iA®ic0c)-^(0®0)A]®0)A 
= (hA®ic0C0c)-f'(hA®ic0C0A0c)-^(0®0®0)(A®iB)A 

It is easily checked that the morphisms 

(/iA<8ic'0C0c)-F'(iA0C<8)hA<8ic0c)-F' and (/iA<8ic0C0c)-P'(hA<8ic0C0A0c)-P' 

appeared respectively in the last rows of ( 15 . 11 ) and of ( 15 . 21 ) are equal. Now, we get the result 
by using the identity (iB®A)A = (A®is)A. □ 

Lemma 5.2. A is cocommutative if A is. 

Proof. Straightforward. □ 

Suppose that e : 5 —)■ K is a left counit for B. Let e : B ^ A he defined by 6 i—)■ e(6)l 
and let e be the unique character of C satisfying (i^ ® e )0 = e (indeed, using notations of 
Theorem 12.71 e = 911 (e)). 

Lemma 5.3. e is a left counit on C. 
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Proof. By the universal property of C it is enough to show that (iA< 8 [(e ® ic)A])0 = <p. For 
every 6 G -B we have, 


(U®[(e ® ic’)A])0(6) =(iA®e®ic)(u®A)0(6) 

= (iA< 8 e( 8 )ic) {m&C(S)c) (u< 8 -B< 8 ic) (000) A( 6 ) 
= (pA0e0ic)(iA0-B0ic')(000)A(6) 

= (pA0ic’)(iA0e0iA0ic)(000)A(6) 

= (hA0ic’)([(U 0 e) 0 ] 0 0)A(6) 

=(/iA0ic)(e 0 0)A(6) 

=(hA0ic)(iA 0 0)(6 0 in)A( 6 ) 

= (/iA0ic’)(iA 0 0)(1 a 0 b) 

= 0 ( 6 ). 


□ 


Analogue of the above result is satished for a right counit. In particular, if e is a counit 
for B then e is a counit for C. 


Remark 5.4. Let B and D be algebras such that D is commutative. Then any bialgebra 
structure {B, A, e) induces a monoidal structure (]9l Chapter 9]) 0 on the category A4{B, D) 
as follows. For any two families 0i : R —)■ D 0 and 02 : -B —)■ 0 i ?2 o/ morphisms 

from B to D let 0 i 002 = (pd 0 i£;i®£; 2 )(iD ® F ® i£; 2 )( 0 i 0 02 )A. Associativity of the 

bifunctor 0 follows from coassociativity of A, and the unit object of the monoidal structure 
is a family B ^ D defined by b ^(^)1- //A is cocommutative then ® is a symmetric 
monoidal structure. Moreover, suppose that B is a cocommutative Hopf-algebra. Then for 
any character ^ of B, the family B ^ D, defined by b ^ f{b)^, is an invertible object 

of AA{B,D). Also, any invertible object is of this form. It follows that the Picard group 

.[To] ) of A4{B, D) is isomorphic to the group of characters of B (with group operation 
induced by A). 


Suppose now that {B, A, e, S) is a Hopf-algebra. Let S = Tl{S) : C C°p, where 
is identihed with 9Jl{B°'^,A) (see Lemma l2.1ip . We shall show that S is an antipode for 
the bialgebra (C, A,e). Suppose b & B and / : A —)■ K is a K-module homomorphism. Let 




14 


M. M. SADR 


c = (/ <8) ic')0(&), and note that, by Proposition 12.31 (a), snch elements generate C. Then, 
Pc(ic ® *5)A(c) = /ic(ic <8 S)K{f (g) ic)<P{b) 

= (/ ® hc)(iA < 8 ) ic ® S){iA (g) A) 0 ( 6 ) 

= (/ ® hc')(iA ® ic ® *§)(/4A <g) ic®c)(iA 0 -F 0 ic-)(0 0 0)A(6) 

= (//iA0hc)(U0ic0*5)(00 0)A(6) 

= (/hA 0 hc)(iA 0 -F 0 ic')(iA®c' 0 iA 0 *§)(0 0 0)A(6) 

= (/hA 0 hc)(iA 0 T" 0 ic)(0 0 [(U 0 ^)0])A(6) 

= (/hA 0 hc)(iA 0 -P 0 ic)(0 0 4’S)A{b) 

= {fl^A 0 hc)(iA 0 -p 0 ic)(0 0 0)(iB 0 5')A(6) 

= (/ 0 ic)/4A®c(0 0 0)(iB 0 *S')A( 6 ) 

= (/ 0 ic')0hs(iij 0 *S')A( 6 ) 

= (/ 0 ic)0(e(&)ls) 

= 6(6)/(U)1c 
= e(c)lc- 

Analogonsly, we have /ic(*5 0 ic)A(c) = e(c)lc- Thns S is an antipode for C. We have 
proved the following theorem. 

Theorem 5.5. Let A be a FR commutative algebra and let B be a (cocommutative) hialgehra. 
Then, ‘TR{B,A) has a canonical (cocommutative) bialgebra structure. Moreover, Vyt{B,A) is 
a Hopf-algebra if B is. 

Analogne of this resnlt is satished for DJF: 

Theorem 5.6. Let A be a FR commutative algebra and let B be a Hopf-algebra (resp. 
bialgebra). Then iM'^{B,A) has a canonical Hopf-algebra (resp. bialgebra) structure. 

Proof. For every commntative algebra D, the set Alg(i?, A®D) has a canonical gronp (resp. 
monoid) strnctnre and thus the functor Alg(i?,A 0 ?) is group (resp. monoid) valued. By 
the analog of Proposition 12.31 (d) for the algebra TF{B,A) represents Alg(i?,A 0 ?), 
and thus has a canonical Hopf-algebra (resp. bialgebra) structure (see [H] Chapter I]). 

The theorem can of course be proved by another method: By Theorem 15.51 DJl{B, A) is a 
Hopf-algebra (resp. bialgebra). On the other hand, the algebra ‘TR^{B,A) is the quotient of 
9Jt(H, A) by the commutator ideal. Since the commutator ideal is also a Hopf-ideal (resp. 
biideal) it follows that TF{B,A) is a quotient Hopf-algebra (resp. bialgebra). 

In the case that B is commutative, there is still another proof: H is a group (resp. monoid) 
object in Alg'^. By Theorem 12.81 DJl^((!,A) transforms coproducts to coproducts and thus 
transforms group (resp. monoid) objects to group (resp. monoid) objects. □ 

Remark 5.7. (a) R follows from Remark \2.(A (h) that the free (resp. tensor) product 

of finitely many copies of a (resp. commutative) Hopf-algebra (or bialgebra) has 
a canonical Hopf-algebra (or bialgebra) structure. For example, the usual bialgebra 
structures on ]K[a;i, ■ ■ ■ ,Xn]= 9Jl(]K[a;], K*^) and • • • ,x„] = 971'^(IK[x],IK”') / |T 8 l 

Section 3.2]) are induced by the usual bialgebra structure on IK[a:]. 
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(b) It has been shown by Wang [19] that free product of finitely many (C*-algebraic) 
compact guantum groups is a compact guantum group. 

6 . Quantum group of gauge transformations 

In this short section we apply the construction of the preceding section to obtain a notion 
for Hopf-algebra of gauge transformations. We refer the reader to [I] for basic ideas and 
notions on gauge theory on noncommutative spaces. Let i? be a Hopf-algebra with comul¬ 
tiplication A and counit e and let E he a. trivial left quantum vector bundle with fiber V 
and base A in the sense of [1|. This means that A is an algebra and H is a left H-comodule 
algebra with a coaction p and E is (isomorphic to) the algebra V ® A. We slightly change the 
dehnitions in ^ and dehne 7 to be a quantum gauge transformation of if 7 is a morphism 
from B to A. Then it is natural to define a gauge filed just to be a morphism from V to A. 
Now, it is clear that if A is commutative and FR then the Hopf-algebra C = A) and 

the algebra H = DJliV, H), respectively, play the role of guantum group of gauge transforma¬ 
tions and guantum space of gauge fields in our dual setting. In the classical case, there is a 
canonical action of gauge transformations on gauge fields. This is also the case in our setting: 
Let A, e and 0 be as in the preceding section and let ip = m(l/. A). Let p ■. H ^ C ® H he 
the unique morphism satisfying (i^ 0 p)(p = {pa ® ic(S)H)E{(j) ® ip)p. We show that p is a 
coaction: 

(u 0 [(A 0 iH)p])(p = (u 0 A 0 iH)iiA 0 p)p> 

= (U 0 A 0 i//)(pA 0 ic0H)^(0 0 p)p 
= {pA 0 ic0C®R)-F([(iA 0 A)0] 0 Lp)p 
= {pA 0 0 ic®c)-^(0 0 0)A] 0 ip)p 

= (pa 0 ic^cm)E{(j) 0 0 0 p) (A 0 iy)p, 

(U 0 [(ic 0 p)p])p> = (U 0 ic 0 p)(U 0 p)p 

= (iA0C 0 p){pA 0 ic0R)-F(0 0 <p)p 
= {pA 0 ic0C0R)-^(U®C 0 U 0 p)(0 0 <p)p 
= (pa 0 ic®c®R)-F(0 0 [(u 0 p)(p])p 
= (pa 0 ic^cm)E((j) 0 [(pa 0 ic0H)i^(0 0 p)p])p 
= (pa 0 ic^cm)E{(j) 0 0 0 <p) (is 0 p)p. 

Thus (U 0 [(A 0 iH)p])(p = (Q 0 [(ic 0 p)p])<p and it follows that (A 0 iH)p = (ic 0 p)p. It 
remains to prove counit identity (e ® iH)p = in- It follows from the calculation below. 

(u 0 [(e 0 iH)p])p = (u 0 e 0 iR)(iA 0 p)<P 

= (u 0 e 0 iH)(pA 0 ic(s>H)E((j) 0 p)p 

= (pa 0 iH)F([(iA 0 e)0] 0 p)p 

= <p(e 0 iy)p 

= P>- 
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7. PONTRYAGIN DUAL OF A FR HOPF-ALGEBRA 

In this section we consider, in our dual formalism, a construction analogous to the con¬ 
struction of (semi)group of homomorphisms from a (semi)group to an abelian (semi)group, 
and as a consequence we obtain a notion of Pontryagin dual for FR Hopf-algebras. 

Let (R, A, e) be a cocommutative bialgebra and let A be a FR commutative algebra 
together with an arbitrary morphism F ; A —)■ A® A. Suppose that B is free as module. Then, 
by Theorem 14.31 the class has a universal family, which we denote hj 'ip \ B ^ A® D. 
Let X '■ B ^ A® {D ® D) he the composition (/r^ ® i_D®D)(iA ® F ® i_D)(t/’ ® It follows 
from coassociativity and cocommutativity of A that, 

(UoA <8 /iD®D)(iA ®F® id®d){x ® x)^ = 

o iD®D)(iA®A ®F® in))([(r(g) iD)ip] ® [(T 0 iD)V’])A = 

(T 0 i_D®D)x- 

So, X is in 3 . Since ip is the universal family of Ala, there is a unique morphism A : R —)■ 
D ® D for which X = (lA ® ^)' 0 - Ip p manner analogous to the proofs of Lemma 15.11 and 
Lemma 15.21 it is shown that A is a cocommutative comultiplication. It is easily checked 
that the family e' : R —)■ A 0 K defined hy b \-A- e{b)l belongs to Ais- So, by the universal 
property of D, there is a unique character e on R for which (i^ 0 e)'^ = e'. A proof analogous 
to the proof of Lemma 15.31 shows that e is a counit for A. Moreover, if the bialgebra R has 
an antipode S, then appropriately modified versions of Lemma 12.111 and above proofs show 
that D has an antipode. So, we have proved theorem below. 

Theorem 7.1. Let B be a cocommutative bialgebra with comultiplication A, let A be a FR 
commutative algebra, and let V : A ^ A ® A be a morphism. Suppose that B is free as 
^-module and let D he the parameter-algebra of the universal family of the class of families 
Ip' : B ^ A ® D' for which (T 0 lop'f’' = (iA®A ® p-D')(iA ® F ® iD'){'ip' ® ip')A. Then D has 
a canonical cocommutative bialgebra structure. Moreover, D is a Hopf-algebra if B is. 

A similar result is also satisfied for the universal family of Al^. 

We want now offer a notion for Pontryagin dual of a FR commutative Hopf-algebra. For 
clarity of the discussion, we first recall below some standard facts. Given a FR Hopf-algebra 
A there corresponds another FR Hopf-algebra which we call algebraic dual of A and denote 
by A*. The underlying module of A* is HomK(A,K), the set of all module homomorphisms 
from A to K. (Co)multiplication of A* is induces by that of A via canonical isomorphism 
HomK(A 0 A, K) ~ HomK(A, K) 0 HomK(A, K). (Co)unit and antipode are induced by the 
usual duality between A and HomK(A,K). Note that A** ~ A as Hopf-algebras. For a 
finite group G the group algebra KG (with convolution multiplication) is also a FR Hopf- 
algebra with comultiplication, counit and antipode respectively given by Ig t—)■ 0 1 ^, 

Ig I— )■ 1 and Ig e-)■ Ig-i, where Ig : G —)■ K is defined by lg{g) = 1 and ^g{g') = 0 for 
g 7 ^ g'. Then the algebraic dual of KG is canonically isomorphic to the function algebra on 
G, denoted by K(G), with pointwise multiplication and with comultiplication, counit and 
antipode respectively given by Ig 1 —)■ ® ^h-^gi Ig t lg(e) and Ig 1 —)■ Ig-i. 

Recall that, in classical Harmonic Analysis, to any compact (resp. discrete) abelian group 
G there corresponds its pontryagin dual G which is a discrete (resp. compact) abelian 
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group. G is the pointwise multiplication group of all group homomorphisms from G to the 
multiplicative group of complex numbers of absolute value 1. Similar to algebraic dual of 
Hopf-algebras we have Pontryagin’s duality: G ~ G. It is not hard to see that if G is hnite 
then G ~ G, CG ~ C(G) and C(G) ~ CG ([S]). Also note that in this case any group 
homomorphisms from G to C — {0} take values automatically on the unit circle. 

A purely algebraic analog of the group C — {0} is a Hopf-algebra (K^, A,e, S') that rep¬ 
resents the affine group scheme of invertible elements of K-algebras ([II])- The underlying 
algebra of is y]/(xy—l) and the Hopf-algebra operations are dehned by A(a:) = x<^x, 

A(i/) = y y, e{x) = e{y) = 1, S{x) = y and S{y) = x. Note that Kl is a free module. 

Now we are in a position to introduce the notion of Pontryagin dual: Let A be a FR 
commutative Hopf-algebra. Denote by p : Kl ^ A 0 ^(A) the universal family dehned by 
Theorem l7.1l with B = Kh The corresponding universal family with commutative parameter- 
algebra is denoted by p^ : Kl —)■ A 0 fp‘^(A). Then, it is reasonable to call both Hopf-algebras 
^(A) and ^'^(A) the Pontryagin dual of A. 

It is not clear to the author that in general how A* and fp(A) are related. But we have the 
following observation in the special case of hnite groups. Let G be a hnite abelian group and 
suppose that K is a held (or more generally, a ring for which any equation z"' = 1 has only 
hnitely many solutions where n is any divisor of |G|). Then the multiplicative group Gk of all 
group homomorphisms from G to the group of units of K is hnite. Let A = K{G) and let the 
family : Kl —>■ A 0 ]K(Gk) be dehned by i/j{x) = ^ a{g)lg^la and i^iy) = X) 
where the sums are taken over all 5 ^ G G and a G Gk- If is easily checked that "ip satishes 
condition of Theorem 17.11 and so there is a unique morphism ip : iP'^(A) —)• ]K(G]k) for which 
t/’ = (iK(G) ® Now if K is an algebraically closed held then a deduction analogous to 

Remark [2A] (e) shows that fP‘^(A)/J ~ IK(Gk) and so if IK = C then ^'^(A)/J ~ A* as 
Hopf-algebras. 


8. Hopf-algebra structure of the family of all automorphisms 

In this section we consider a canonical bialgebra structure on the parameter-algebra of 
the family of all endomorphisms of a FR algebra. This construction is analogous to the 
semigroup of self-maps on an ordinary space. 

Let A be a FR algebra and let G = 97t(A, A) and 0 = rri(A, A). Let F : G ^ G 0 G be 
the unique morphism satisfying (i^ 0 F)0 = 0 o 0. Then, 

(u ® [(F 0 ic)F])0 = (u 0 F 0 ic)(u < 8 ) F)0 
= (U ® r 0 ic -)(0 o 0 ) 

= (U<Dr 0ic-)(00ic)0 
= ([(U0F)0] 0ic)0 
= ([(00 ic)0] O ic)0 
= (0® ic®c)(0® ic)0, 
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and also, 


(u ® [(ic <8 r)r ])0 = (u ® ic <8 r)(u < 8 ) r)^ 

= (U® ic® r)( 00 ic -)0 

= ( 0 ® r )0 

= ( 0 ® ic®c)(iA ® r )0 

= (0® ic®c)(0® ic)0- 


So, (U ® [(r ® i(7)r])0 = (iyi ® [(i (7 ® r)r])0. This identity together with the universal 
property of C imply (F ® ic)r = (ic ® r)r. Thus, F is a comultiplication. (One may also 
apply the method of the proof of [T^ Theorem 4.1] using Proposition 12.31 (a).) Now, let 
e : O —)■ IK be the unique character satisfying (i^i ® e )0 = iyi ® 1- Then, 

(U ® [(ic ® e)r])0 = (U ® ic ® e)(iA ® r)0 
= (U ® ic ® e )(0 ® ic )0 
= ( 0 ® iK)(U® e )0 
= 0 ® 1 

= (u ® [ic ® 1])0- 


This equality together with the universal property of C imply (ic®e)F = ic®l. Analogously, 
(e®ic)F = ic®l. So, e is a counit for F and (O', F, e) is a bialgebra. Also, it is easily seen that 
A is a O-comodule via 0. We now show that 0 is a universal coaction among all coactions 
of bialgebras on A. Let H be a bialgebra with a comultiplication 0, and suppose that we 
are given a coaction <^9 : A —)■ A ® of H on A. Let 0 : C —)■ H be the unique morphism 
satisfying (i^ ® 0)0 = if. Then, 

(u ® [(0 ® 0)r])0 = (u ® 0 ® 0)(iA ® r)0 

= (U ® 0 ® 0)(0 ® ic)0 

= ([(U ®0)0] ® 0)0 

= {ip® 0)0 
= (<F ® iD)(iA ® 0)0 
= {f® iD)(F 
= (u ® 0 )<F 
= (U ® 0)(U ® 0)0 
= (U ® 00)0 


The above identity together with the universal property of C imply 00 = (0 ® 0)F, that 
means 0 is a bialgebra morphism. So, we have proved the theorem below. 


Theorem 8.1. Let A be a FR algebra. Then, T)T(A, A) is a bialgebra in a canonical way 
and A is an Tl{A, A)-comodule via rri(A, A). Moreover, rri(A, A) is a universal coaction in 
the following sense: For any bialgebra D and any coaction ip : A ^ A® D of D on A, the 
unigue morphism 0 : 91l(A, A) —)■ D, satisfying (i^ ® 0)m.(A, A) = p, is also a bialgebra 
morphism and is compatible with the comodule structures on A. 
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Analogue of this result is also satisfied for Tr{A,A). 

Now, we consider the family of isomorphisms. Let G = 3{A,A), and ^ = i(A, A). Since 
^o^:A—and are families of isomorphisms from A onto A, 

there are unique morphisms A : G —)■ G ® G and 5 : G —)■ IK which satisfy (i^ ® A),^ = ^ ° ^ 
and (i^ <8) 5)^ = iyi 0 1. A proof analogous to the above proof shows that, 

(U ® [(ic ® A)A])^ = (^ ® iG®G)(^ ® Ig)^ = (U ® [(Ig ® A)A])^. 

Since the middle term of the above equality is an invertible family, the universal property of 
G shows that (A 0 iG)A = (ic 0 A)A. Also, we may similarly conclude, (5 0 iG)A = Ig 0 1. 
So, we have proved that (G,A,(5) is a bialgebra. Analogously, if we use = 3^{A,A) 
and = h(A, A) instead of G and ^ above, we hnd a bialgebra (G'^, A'^, which is also 
a quotient of G. Actually, G^ is a Hopf-algebra algebra: Let S' : G'^ —)■ G"^ be the unique 
morphism satisfying = (iyi 0 Then, 

(U <8 [AiG<=(S' 0 iGc)A'^])^'= = (U 0 0 S' 0 iGc)(u 0 

= (U ® hG0(U 0 S' 0 iG0(r ° D 
= (u ® hG0(iA 0 S' 0 iG0(r ® iG^r 
= (iA®hG0((r)"^®iG0r 
= i^ ® 1 
= (u 0 5A)r. 

Since iyi 0 l : A -A- A 0 G‘^ is an invertible family, the above identity together with the universal 
property of G^ show that fiG^{S<S)iG^)A^ = S^. Similarly it is proved, /iGc(iG'=®5')A‘^ = S^. So, 
S is an antipode and (G'^, A'^, S') is a Hopf-algebra. Also, note that A is a G'^-comodule via 

the coaction \i D is another commutative Hopf-algebra with a coaction, <^9 : A —)■ A 0 D, 
on A, then Example 13.21 (b) shows that ip is an invertible family and so there is a canonical 
morphism from G'^ to D which is, analogous to above, a Hopf-algebra morphism. So, we 
have proved the next theorem. 

Theorem 8.2. Let A be a FR algebra. Then, T(A, A) has a eanonieal Hopf-algebra structure 
and A is a 3^{A, A)-comodule via h(A, A). Moreover, h(A, A) is a universal coaction in the 
following sense: If D is a commutative Hopf-algebra with a coaction ip ■. A ^ A® D on 
A, then the unigue morphism xf : T(A, A) —)■ D, satisfying (p = (U 0 '^)h(A, A), is also a 
Hopf-algebra morphism and is compatible with the coactions on A. 

At the end of this note, we consider a notion dual to the notion of Galois group. Let A be 
a FR algebra and let R be a subalgebra of A. The results of Section 4 (see (1), Theorem 14.11 
and Theorem 14.61 in the case z = 1) shows that there is commutative algebra 0 together with 
a morphism g : A —)■ A 0 0, satisfying Q{b) =601 for every b E B, and with the following 
universal property: For every commutative algebra D and any morphism (p : A ^ A 0 R, 
satisfying ip{b) = 601 for every b E B, there is a unique morphism : 0 —)■ R such 
that 99 = (i^ 0 'ip)Q. A proof, analogous to the proof of Theorem 18.21 shows that 0 has 
a canonical Hopf-algebra structure and also A is a 0-comodule via 0 . Moreover, if in the 
above mentioned universal property, R is a Hopf-algebra and 99 is a coaction then -0 is a 
Hopf-algebra morphism. A result analogous to the second part of Theorem 14.11 shows that 
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there is a one-to-one correspondence between characters on 0 and algebra automorphisms of 
A which preserve B. Indeed, the usual Galois group Gal(A/B) of the algebra extension AjB 
is isomorphic to the character group of the Hopf-algebra 0. Also, an expression, analogous 
to Remark 12.61 (e), shows that if IK is an algebraically closed held then 0/ J is isomorphic to 
]K(Gal(A/i?)) as Hopf-algebras, where J denotes the Jacobson radical. Summarizing, it is 
reasonable to call 0 = 0al(A/R) Galois-Hopf-algebra of the algebra extension AjB. 
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